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Abstract. Collinear laser spectroscopy experiments in the LuI transition 5d6s2 2D3/2 → 5d6s6p 2D3/2

were performed on all lutetium isotopes in the range of 161−179Lu. The nuclear spins, magnetic moments
and quadrupole moments were determined from the hyperfine structures observed for 19 ground states
and 11 isomers. Variations in the mean square charge radii as a function of neutron number were obtained
from the isotope shifts. These data considerably extend the systematics of the properties of nuclei in the
upper rare-earth region. A particular feature is the appearance of high-spin and low-spin ground states and
isomeric states in the vicinity of the stable 175Lu, partly arising from aligned neutron pairs. The results
clearly show that the deformation properties are nearly independent of the occupancy and the coupling
of single-particle states. Theoretical predictions of deformation are confirmed in a consistent description
of the measured radii and quadrupole moments. For all observed states, the spins and magnetic moments
allow the assignment of rather pure Nilsson configurations.

PACS. 21.10.Ft Charge distribution – 21.10.Hw Spin, parity, and isobaric spin – 21.10.Ky Electromagnetic
moments – 27.70.+q 150 ≤ A ≤ 189 – 32.10.Fn Fine and hyperfine structure

1 Introduction

For many years laser spectroscopy has been used to
gain information on nuclear ground-state properties. Par-
ticularly in the rare-earth region the systematics of
mean square charge radii, spins, magnetic moments and
quadrupole moments, usually available for strings of iso-
topes, has been extended over a considerable range of pro-
ton numbers [1,2]. This means that the development of
nuclear shapes, as well as the occupancy of single-particle
orbitals forming the nuclear ground states and the longer-
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lived isomers, can be mapped in a two-dimensional region
of the chart of nuclides. Lutetium (Z = 71) is situated at
the upper end of a sequence of elements that are avail-
able in the form of ion beams at on-line isotope separator
facilities and are as well suitable for high-resolution laser
spectroscopy experiments.

So far, atomic spectroscopy work yielding nuclear mo-
ments and isotope shifts of lutetium isotopes has re-
mained rather scarce. This is due to the former lack of
isotope production schemes suitable for preparing samples
of free atoms. Only two isotopes, the stable 175Lu and the
very long-lived 176Lu, are occuring in nature. Cyclotron-
produced samples of most radioactive isotopes were too
small as to allow complete hyperfine structure studies.
Moreover, the short half-lives of isotopes far from stability
require special on-line techniques.

First investigations using the atomic beam magnetic
resonance (ABMR) technique with reactor-produced long-
lived isotopes were reported in the early sixties [3,4].
They yielded the spins, the magnetic moments and the
quadrupole moments of 176mLu and 177Lu. Later on, a
number of additional spins of cyclotron-produced neutron-
deficient isotopes were determined by Ekström [5]. A few
ground states and isomers close to stability were investi-
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gated with the help of low-temperature nuclear orientation
(see [6]). The history and the insufficiencies of this early
nuclear orientation work has been discussed by König et
al. [7] who performed very careful magnetic resonance ex-
periments on low-temperature oriented nuclei implanted
into cobalt single crystals. These new experiments yielded
reliable values of the magnetic moments as well as the un-
known quadrupole moments of (altogether seven) typical
candidates for off-line nuclear orientation.

We report on a more extended laser spectroscopy in-
vestigation1 of hyperfine structures and isotope shifts,
which has been performed essentially in parallel to the
recent nuclear orientation work [7]. Apart from covering
all isotopes investigated previously, our results include
the magnetic moments and quadrupole moments of eleven
ground states and eight isomers not investigated before.
Moreover, they provide valuable complementary informa-
tion on the nuclear mean square charge radii which is ob-
tained from the isotope (isomer) shifts. Previously, optical
isotope shift measurements had been restricted to the nat-
urally occuring isotopes 175Lu and 176Lu [9,10].

2 Experimental setup and measurements

The experiments were carried out at the ISOLDE on-
line mass separator facility at CERN. Lutetium isotopes
were produced in spallation reactions induced by the 600
MeV proton beam from the Synchro-Cyclotron in a 120
g/cm2 target of stacked rolls of tantalum foils [11]. The
target which is heated at about 2000 0C releases neutron-
deficient isotopes of nearly all rare-earth elements includ-
ing lutetium which is produced according to 181Ta (p,
3pxn) 179−xLu. Ionization takes place on a hot tungsten
surface, and the ions are accelerated by a static voltage of
60 kV. After magnetic mass-separation the ions are guided
into the apparatus for collinear laser spectroscopy [12].

The ion beam merged with the laser beam from a cw
dye laser system is travelling through a sodium-vapour
cell where neutral atoms in the ground state are formed
in peripheral charge-exchange collisions. With the laser
at resonance, fluorescence photons are emitted along the
beam path. These are collected and guided to the cath-
ode of a single-photon multiplier with the help of large-
aperture mirrors and lenses and a light pipe. The Doppler-
shifted optical frequency is varied by post-accelerating or
-decelerating the ions prior to neutralization, while the
laser frequency is kept constant (Doppler-tuning).

Optical spectroscopy with the unique sensitivity and
resolution features of the collinear laser-fast beam tech-
nique was performed in the resonance transition from the
5d6s2 2D3/2 atomic ground state to the 5d6s6p 2D3/2 ex-
cited state at the (rest frame) wavelength of 451.9 nm. The
laser system was operated with the dye Stilben 3 pumped
by the UV lines of an argon-ion laser. Since fluorescence
occurs predominantly at the same wavelength, the photon
collection optics was used without any blocking filters,

1 Preliminary results were already reported in ref. [8]

thus being sensitive to stray laser light and some back-
ground due to collisional excitation of the atoms. This lat-
ter background is not only due to lutetium, but mostly to
the isobars of the neighbouring rare-earth elements which
are present in the beams [11]. It was kept at a tolerable
level in the range of 10−100 kHz depending on the isobar
mass by running the charge exchange cell at a relatively
low sodium vapour pressure and by using a blue-sensitive
photo multiplier. Compared to this, the stray light back-
ground of a few kHz plays a minor role for most of the iso-
topes except for the heaviest which are available as rather
pure beams.

Three examples selected from the large number of hy-
perfine structure spectra are presented in Fig. 1. The fre-
quency scale gives the distance from the single line of
170Lu which has the nuclear spin I = 0. Fig. 1.a) on 163Lu
represents the I = 1/2 spectra found for the lightest odd-
A isotopes (161Lu, 163Lu and 165Lu) for which no isomers
were observed. All other spectra, spanning tens of GHz,
are composed of a number of narrower scans. This measur-
ing mode was chosen in order not to risk laser mode hops
or drifts that could occur during data acquisition times of
many hours. Usually the hyperfine structure components
belonging to the nuclear ground and isomeric states are
about equally strong, meaning that the production rates
are about the same. Such examples are given in Fig. 1b)
for the case of 168Lu (I = 6) and 168mLu (I = 3) and
in Fig. 1c) for the case of 177Lu (I = 7/2) and 177mLu
(I = 23/2). The total angular momentum quantum num-
bers F are indicated for all individual lines that are visible
in the spectrum.

These spectra were originally taken as a function of the
acceleration voltage with respect to a reference line of one
particular isotope (usually 170Lu). By calculating relative
Doppler shifts based on the Wapstra mass tables [13] it
is thus possible to establish a common frequency scale for
all measurements. For technical reasons, the general ref-
erence isotope 170Lu was abandoned in a few cases, and
either 166mLu (I = 0) or the strongest hyperfine struc-
ture component of 165Lu (I = 1/2) served as a secondary
reference.

The hyperfine structure of an atomic level is described
by the magnetic dipole interaction parameter A and the
electric quadrupole interaction parameter B and depends
on the angular momenta involved, J for the shell electron
state and I for the nucleus, coupled to the total angular
momentum F :

∆νhfs =
1
2
KA+

3
4K(K + 1)− J(J + 1)I(I + 1)

2I(2I − 1)J(2J − 1)
B , (1)

with K = F (F + 1)− I(I + 1)− J(J + 1) .

This formula holds independently for the lower and the
upper state of the transition, with different A- and B-
factors, Ag, Bg and Ae, Be, respectively. The centroids
of both hyperfine structure multiplets define the line posi-
tions entering into the determination of isotope shifts. The
number of observable hyperfine structure components, de-
termined by the dipole selection rules, is usually larger
than the number of independent parameters.
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Fig. 1. Spectra of the hyperfine structure of selected isotopes:
a) 163Lu with I = 1/2; b) 168Lu (I = 6) and 168mLu (I = 3);
c) 177Lu (I = 7/2) and 177mLu (I = 23/2). The common ref-
erence position is the single line of 170Lu (I = 0). The spectra
spanning ranges of about 25 GHz are divided into several scans

According to this, the isotope shifts and the hyperfine
structure parameters were evaluated using the program
MINUIT [14] by running a least-squares fit over all ob-
served lines of an isotope. In a few cases (see Table 1)
the number of observed or resolved lines was not suffi-
cient for extracting the ground-state and excited-state A-
and B-factors independently. Then the ratios Ae/Ag and
Be/Bg, which are independent of the nuclear properties
apart from small hyperfine anomaly effects, were fixed at
Ae/Ag = −7.331(4) and Be/Bg = −0.330(1). These ra-

tios are the average values obtained from the other iso-
topes. They are in very good agreement with the results
obtained by Engleman et al. [15] for the stable 175Lu,
Ae/Ag = −7.3316(3) and Be/Bg = −0.3301(6).

The nuclear spins and the A- and B-factors resulting
from this analysis are compiled in Table 1, together with
results of the earlier measurements quoted in Sec. 1. The
isotope shifts, i.e. the distances of the centers of grav-
ity from the single line of 170Lu with I = 0 are given in
Table 2, column 5. For measurements using different ref-
erence isotopes the direct result is additionally given in
column 3, with the reference isotope shown in column 4.
The errors of the isotope shifts contain a statistical and
a systematic contribution. The systematic error, quoted
separately, is caused by the 10−4 uncertainty of the volt-
age measurements entering into the calculation of Doppler
shift differences. The error evaluation procedure has been
described in the paper by Mueller et al. [12].

3 The nuclear spins and moments

As shown above, the nuclear spins are directly obtained
from the least-squares fits which reproduce the observed
spectra only with the correct assumption on the spin val-
ues. In doubtful cases all other possible spins were ruled
out by the pertinent statistical checks.

The magnetic moments µI were calculated from the
A-factors, using as a reference the magnetic moment of
175Lu, µI(175Lu) = 2.2325(8)µN. This is the mean value
from measurements of Brenner et al. [16] using the ABMR
technique and of Müller et al. [17] using optical pumping
of Lu+. The relation

µI
IA

=
µI

ref

IrefAref
(2)

holds for any pair of isotopes, provided that hyperfine
anomaly effects are negligible. These effects arise from the
distribution of magnetic dipole density over the nuclear
volume (Bohr-Weisskopf effect), varying from isotope to
isotope. They may affect s-electron contributions to the
ratios of (2) up to the order of one percent.

For the dsp configuration of the excited state, it is obvi-
ous that the magnetic hyperfine structure contains a large
contact interaction term caused by the s-electron. On the
other hand, the ground state is essentially formed by the
ds2 configuration, which means that the hyperfine struc-
ture is produced by a d-electron, apart from the admixture
of other valence configurations and from core polarization.
For the 2D3/2 state Brenner et al. [16] found an anomaly
of 0.02(15) % between 175Lu and 176Lu which is negligi-
ble in the present context. Therefore, whenever this was
possible, we evaluated the magnetic moments from the
A-factors of the atomic ground state, although these are
smaller and thus less accurate than those of the excited
state. Only for 161−165Lu and for the I = 1/2 isomers
167mLu, 169mLu and 171mLu the analysis of the spectra
gave no meaningful independent ground-state A-factors.
In these cases we have assumed an additional error of
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Table 1. A- and B-factors of the hyperfine structure in the 5d6s2 2D3/2 ground state and the 5d6s6p 2D3/2 excited state
obtained from the least-squares fits of formula (1) to the measured transition lines. Only the dominant parameters Ae and Bg
are given for the cases in which prefixed ratios Ae/Ag and Be/Bg were used. These are marked with asterisks

Isotope I Ag [MHz] Ae [MHz] Bg [MHz] Be [MHz] Ref.

161∗ 1/2 -998.3 (1.5) - -
162∗ 1 -123.6 (1.2) 225 (3)
163∗ 1/2 -343.4 (1.0) - -
164∗ 1 -132.1 (1.0) 264 (3)
165∗ 1/2 109.6 (2) - -
166 6 147.8 (6) -1083.8 (6) 1877 (10) -601 (9)

166m1 3 19.2 (5) -142.0 (6) 1176 (4) -391 (4)
166m2 0 - - - -

167 7/2 202.4 (3) -1483.8 (4) 1418 (3) -469 (3)
167m∗ 1/2 446.3 (1.4) - -

168 6 153.1 (1.3) -1116.8 (1.2) 2064 (18) -710 (19)
168m 3 124.0 (5) -902.7 (5) 1053 (4) -343 (3)
169 7/2 199.8 (3) -1465.1 (3) 1507 (3) -496 (3)

169m∗ 1/2 -2404(7) - -
170 0 - - - -
171 7/2 199.6 (4) -1464.4 (4) 1527 (3) -505 (3)

171m∗ 1/2 -2615(4) - -
172 4 220.9 (8) -1616.3 (8) 1644 (8) -539 (8)

172m 1 603 (11) -4444 (11) 327 (11) -116 (11)
173 7/2 198.51 (18) -1455.1 (2) 1529.2 (1.6) -502.5 (1.8)
174 1 605.8 (1.3) -4420.2 (1.2) 334.9 (1.6) -111.0 (1.6)

174m 6 75.7 (9) -554.0 (8) 2078 (13) -689 (11)
175 7/2 194.4 (7) -1424.7 (7) 1509 (6) -501 (6)

194.33162(9) 1511.39865(69) [16]
176 7 137.6 (5) -1006.5 (6) 2132 (11) -698 (13)

137.92054(12) 2132.2969(25) [16]
176m 1 95 (2) -708 (2) -628 (3) 219 (3)

97.19644(30) -635.19314(70) [4]
177 7/2 194.9 (6) -1428.9 (7) 1467 (5) -484 (6)

194.84 (2) 1466.71 (12) [3]
177m 23/2 61.2 (3) -448.0 (4) 2472 (11) -807 (12)
178 1 -419 (3) 3078 (3) 307 (4) -104 (4)

178m 9 163.6 (4) -1188.4 (4) 2333 (11) -758 (11)
179 7/2 206.8 (1.0) -1515.6 (1.2) 1436 (8) -465 (8)

1 % as to account for the unknown hyperfine structure
anomaly2.

The magnetic moments3, together with earlier results,
are collected in Table 3. It turns out that all recently pub-
lished magnetic moments from low-temperature nuclear
orientation experiments by König et al. [7] and Hinfurtner
et al. [18] agree nearly perfectly with the present results.
The insufficiencies of some results of the earlier nuclear
orientation work were obviously removed by using mag-
netic resonance techniques. The parities given in Table 3

2 More quantitative evidence for negligible anomaly effects in
the ground-state hyperfine structure is obtained from the ratios
between the A-factors of both states. These ratios are identical
for all isotopes within the experimental errors of typically 0.1
% to 2 % determined by the ground-state A-factors.

3 The values from the present experiment quoted by König et
al. [7] were preliminary results obtained from the A-factors of
the excited state without consideration of the hyperfine struc-
ture anomaly.

in connection with the magnetic moments correspond to
the assignment of Nilsson orbitals as explained in Sec. 5.

The spectroscopic quadrupole moments QS were eval-
uated from the relation:

QS
B

=
QS

ref

Bref
, (3)

where B is the measured B-factor and QS
ref is the

quadrupole moment of the reference isotope 175Lu,
Q(175Lu) = 3.49(2) b, obtained by Dey et al. from X-
ray transitions in muonic atoms [19]. The B-factors were
taken from the hyperfine structure of the ground state
where they are larger than in the excited state.

On the assumption that all nuclei are well deformed
one can calculate the intrinsic quadrupole moments Q0

by using the strong-coupling projection formula

Q0 =
(I + 1)(2I + 3)
3K2 − I(I + 1)

QS , (4)
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Table 2. Isotope shifts and differences of mean square charge radii compared to 170Lu. A few isotope shifts were deduced from
measurements using a different reference isotope (indicated in column 4). Statistical errors (in parentheses) and systematic
errors (in square brackets) are given separatelya. The differences of mean square radii are subject to a 10 % general calibration
errorb. Experimental errors are smaller than one unit in the last digit

Isotope A′ I δνA,A
′

[MHz] A δν170,A′ [MHz] δ〈r2〉170,A′ [fm2]

161 1/2 170 11892 (6)[6] -1.120
162 1 170 10733 (5)[6] -1.011
163 1/2 170 8866 (3)[5] -0.835
164 1 170 7653 (2)[4] -0.721
165 1/2 170 5950.3 (1.3)[3.6] -0.561
166 6 -385.6 (2.9)[0.5] 166m2 4366 (3)[3] -0.412

166m1 3 -46.6 (1.6)[0.5] 166m2 4705.2 (1.7)[3.4] -0.444
166m2 0 170 4751.7 (0.6)[3.2] -0.448

167 7/2 -3097.1 (1.3)[2.2] 165 2853.2 (1.8)[2.9] -0.269
167m 1/2 -2866 (4)[2] 165 3085 (4)[3] -0.291
168 6 -3223 (6)[2] 166m2 1529 (6)[2] -0.144

168m 3 -4495.9 (1.3)[2.6] 166m2 255.9 (1.4)[2.2] -0.024
169 7/2 -3925.0 (1.1)[2.7] 166m2 826.8 (1.2)[1.9] -0.078

169m 1/2 -6128 (7)[3] 166m2 -1377 (7)[2] 0.130
170 0 170 0 0
171 7/2 -5559.2 (1.2)[3.6] 166m2 -807.4 (1.3)[2.2] 0.076

171m 1/2 -8247 (6)[4] 166m2 -3496 (5)[3] 0.330
172 4 170 -1362 (3)[2] 0.129

172m 1 170 -1276 (7)[2] 0.120
173 7/2 170 -2381.4 (7)[2.1] 0.225
174 1 170 -3022.7 (1.7)[2.5] 0.286

174m 6 170 -3019 (3)[3] 0.285
175 7/2 170 -3765 (3)[3] 0.356
176 7 170 -4200 (4)[4] 0.397

176m 1 170 -4315 (3)[4] 0.408
177 7/2 170 -5052 (3)[4] 0.477

177m 23/2 170 -4672 (4)[4] 0.442
178 1 170 -5530 (4)[4] 0.523

178m 9 170 -6333 (3)[4] 0.599
179 7/2 170 -6194 (4)[5] 0.586

a In calculating the isotope shifts for any pair of isotopes the quoted errors should be treated as follows: (i) Statistical errors
should be added up quadratically; (ii) Systematic errors should be added or subtracted linearly in the same manner as the
absolute values of the isotope shifts. 1 MHz should be added to allow for rounding errors, and the resulting error should not
fall below 2 MHz. For isomer shifts (differences between isomer and ground state of the same nucleus) the systematic errors are
practically negligible.
b Relative values of δ〈r2〉 are largely free from the calibration uncertainties introduced by the electronic factor and the mass
shift correction

or in the usual cases of K = I

Q0 =
(I + 1)(2I + 3)
I(2I − 1)

QS . (5)

Table 4 gives the spectroscopic quadrupole moments, in-
cluding those from other work where they are available,
and the intrinsic quadrupole moments calculated from
these. Again the values published recently by König et
al. [7] are in very good agreement with the present ones,
demonstrating that magnetic resonance measurements on
nuclei oriented in ferromagnetic host lattices with well de-
fined electric field gradients give reliable quadrupole mo-
ments.

4 The evaluation of δ〈r2〉

The isotope shift δνA,A
′

i = νA
′

i − νAi between two isotopes
A and A

′
for an atomic transition i is caused by the differ-

ent mean square radii of the nuclear charge distribution
δ〈r2〉 and by the different nuclear recoil energy. It can thus
be written [21]

δνA,A
′

i =
mA′ −mA

mA′mA
(Mn,i +Ms,i) + Eif(Z)λA,A

′
. (6)

The first expression on the right-hand side of this formula
describes the mass dependence. It is convenient to sepa-
rate it into the (trivial) normal mass shift with the con-
stant Mn,i = νime and the specific mass shift which for
s2 → sp transitions is estimated to be Ms = 0(1) ×Mn.
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Table 3. Magnetic dipole moments of lutetium isotopes obtained from the measured A-factors. Theoretical values are taken
from Ekström [5] or calculated using the indicated Nilsson configurations

Isotope I µ [µN ] Configuration µtheo [µN ] Ref.

161 1/2+ 0.223 (3) π[411]1/2 0.07
162 1− 0.0553 (11) π[411]1/2 ν[521]3/2 -0.6
163 1/2+ 0.0769 (10) π[411]1/2 0.02
164 1− 0.0591 (11) π[411]1/2 ν[521]3/2 -0.8
165 1/2+ -0.0245 (3) π[411]1/2 -0.03
166 6− 2.912 (12) π[404]7/2 ν[523]5/2 2.74

166m1 3− 0.189 (5) π[411]1/2 ν[523]5/2 0.33
166m2 0− 0 π[402]5/2 ν[523]5/2 0

167 7/2+ 2.325 (4) π[404]7/2 2.22
167m 1/2+ -0.0999 (13) π[411]1/2 -0.05
168 6− 3.016 (25) π[404]7/2 ν[523]5/2 2.78

168m 3+ 1.221 (5) π[541]1/2 ν[523]5/2 0.91
169 7/2+ 2.295 (4) π[404]7/2 2.21

2.297 (13) [7]
169m 1/2− 0.538 (7) π[541]1/2 0.70
170 0+ 0 π[404]7/2 ν[633]7/2 0
171 7/2+ 2.293 (4) π[404]7/2 2.21

2.305 (12) [7]
171m 1/2− 0.585 (7) π[541]1/2 0.72
172 4− 2.900 (10) π[404]7/2 ν[521]1/2 2.53

2.893 (15) [7]
172m 1− 1.98 (4) π[404]7/2 ν[512]5/2 1.79
173 7/2+ 2.2805 (23) π[404]7/2 2.21

2.280 (12) [7]
174 1− 1.988 (5) π[404]7/2 ν[512]5/2 1.79

174m 6− 1.492 (16) π[404]7/2 ν[512]5/2 1.80
1.497 (10) [18]

175 7/2+ 2.2325 (8)a π[404]7/2 2.20 [17,16]
176 7− 3.162 (12) π[404]7/2 ν[514]7/2 3.20

3.1692 (45) [16]
176m 1− 0.311 (7) π[404]7/2 ν[514]7/2 0.40

0.3185 (6)b [4]
177 7/2+ 2.239 (7) π[404]7/2 2.20

2.2384 (14)b [3]

177m 23/2− 2.308 (11) π[404]7/2

{
ν[514]7/2
ν[624]9/2

2.50

2.337 (13) [7]
178 1+ -1.377 (9) π[404]7/2 ν[624]9/2 -1.48

178m 9− 4.834 (9) π[514]9/2 ν[624]9/2 4.69
179 7/2+ 2.375 (12) π[404]7/2 2.20

a Reference value
b Recalibrated from A-factors measured by ABMR

The second part is the field shift which is sensitive to
the nuclear charge distribution. This is expressed by the
nuclear parameter λA,A

′
which contains an expansion in

radial moments,

λA,A
′

= δ〈r2〉A,A
′
+
C2

C1
δ〈r4〉A,A

′
+
C3

C1
δ〈r6〉A,A

′
+ ... (7)

The ratios of Ci are available from calculations [22] show-
ing that δ〈r2〉A,A

′
is the dominant part and the higher-

order terms contribute only about 4 %.
The electronic factor Ei was evaluated using the expres-

sion

Ei =
πa3

0∆i|Ψ(0)|2
Z

. (8)

Replacing ∆i|Ψ(0)|2 by γi|Ψ6s(0)|2 (with γi the screening
ratio), one can use the contact hyperfine interaction to
calculate the electron density |Ψ6s(0)|2 according to [23]

πa3
0|Ψ6s(0)|2 =

3A6s(mp/me)
8R∞α2gI(1− δ)(1− ε)FR

. (9)

The input data for 175Lu A6s = 0.276(6)cm−1 [24], gI =
µI/(µKI), ε = 0.015, δ = 0.058 and FR = 1.821 [25], with
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Table 4. Spectroscopic quadrupole moments Qs obtained
from the measured B-factors, deduced intrinsic quadrupole
moments Q0 and deformation values β2

Isotope I Qs[b] Q0[b] β2 Ref.

162 1 0.519 (8) 5.19 (8) 0.23
164 1 0.608 (7) 6.08 (7) 0.26
166 6 4.33 (4) 6.89 (7) 0.29

166m1 3 2.715 (21) 6.52 (5) 0.28
167 7/2 3.275 (24) 7.02 (5) 0.30
168 6 4.77 (6) 7.58 (9) 0.32

168m 3 2.431 (19) 5.83 (5)c 0.25c

169 7/2 3.480 (25) 7.46 (6) 0.31
3.42 (12) [7]

171 7/2 3.525 (25) 7.55 (6) 0.32
3.38 (4) [7]

172 4 3.80 (4) 7.46 (6) 0.31
3.79 (6) [7]

172m 1 0.76 (3) 7.56 (25) 0.32
173 7/2 3.531 (24) 7.57 (6) 0.31

3.56 (4) [7]
174 1 0.773 (7) 7.73 (7) 0.32

174m 6 4.80 (5) 7.63 (7) 0.32
175 7/2 3.49 (2)a 7.47 (5) 0.31 [19]

3.62 (9) [20]
176 7 4.92 (5) 7.36 (6) 0.30

4.92 (3) [16]
5.07 (7) [20]

176m 1 -1.450 (12) 7.25 (12) 0.30
-1.47 (1)b [4]

177 7/2 3.386 (26) 7.26 (6) 0.30
3.39 (2)b [3]

177m 23/2 5.71 (5) 7.33 (6) 0.30
5.2 (5) [7]

178 1 0.708 (10) 7.08 (10) 0.29
178m 9 5.39 (5) 7.39 (6) 0.30
179 7/2 3.316 (30) 7.11 (7) 0.29

a Reference value
b From ABMR measurement of B-factors as recalibrated by
Raghavan [6]
c Tentatively assuming the projection factor for K = I (see
text)

γi = 0.68 [21], yield Ei = 0.289(6). Of course, an error
for Ei including only the errors of experimental input pa-
rameters is not really meaningful. As it is difficult to give
estimated errors for the theoretical quantities and the va-
lidity of the semi-empirical formulas, we subsume all these
under a final 10 % scaling error of the radii differences ob-
tained from the described semi-empirical procedure [21].

Finally f(Z) gives the ratio of the so-called field shift
constant CA,A

′
and the nuclear parameter λA,A

′
. This ra-

tio has to be calculated theoretically, and as it turns out to
be insensitive to details of the nuclear charge distribution,
one chooses the reference nucleus of a uniformly charged
sphere,

f(Z) =
CA,A

′

unif

λA,A
′

unif

. (10)

Blundell et al. [26] calculated CA,A
′

unif by solving the
Dirac equation nearby the nucleus assuming a sharp radius
R = R0A

1/3 (R0 = 1.2 fm). The corresponding quantity

λA,A
′

unif is readily calculated using (7).

The values for δ〈r2〉A,A
′

can now be found from λA,A
′

following the procedure used previously [27]. This takes
into account that (7) holds for spherical nuclei, whereas
in the deformation contributions to λA,A

′
the corrections

for higher-order radial moments appear somewhat differ-
ently. Considering the small influence of these corrections
one can use any current version of the droplet model (see
Sec. 5) to disentangle the spherical and deformation parts
in the procedure of evaluating finally the neutron number
dependence of the mean square charge radii.

The experimental reference isotope 170Lu (mass num-
ber A) has been chosen for the presentation of the results.
These results for δ〈r2〉170,A′ are included in Table 2 which
also contains the isotope shifts. The errors in δ〈r2〉 add up
from four different contributions: (i) The statistical errors
of the isotope shifts obtained from the fits of the spectra
and (ii) the systematic calibration errors of the measured
acceleration voltages, translated into the frequency scale,
are experimental errors which correspond to less than one
unit in the last digit (i.e. 10−3 fm2). They are negligible
compared to the errors of the evaluation procedure: (iii)
The errors due to the specific mass shift ((A−A′)× 10−3

fm2) and (iv) the estimated errors from the electronic fac-
tor Ei (see above) are both subsumed under a general
10 % error to be applied to absolute values of δ〈r2〉A,A′ .
Relative values as well as all details in the behaviour of
the radii, such as the odd-even staggering and the isomer
shifts, only depend on the very small experimental errors
given for the isotope shifts.

There is only one literature value for the difference of
the mean square charge radii of two lutetium isotopes,
namely 175Lu and 176Lu. This was extracted by Zimmer-
mann et al. [9] from the isotope shift in the LuI transi-
tions from 5d6s2 2D3/2 to 5d6s6p 4F3/2 at 573.7 nm and
from 5d6s2 2D5/2 to 5d6s6p 4F5/2 at 605.5 nm. The re-
sult, δ〈r2〉175,176 = 0.022(5)fm2, quoted by King to be
“remarkably small” [28], is at variance with our present
value of δ〈r2〉175,176 = 0.041(5) fm2. This is neither caused
by a measuring error nor by a principal inconsistency of
the evaluation procedures. The discrepancy can just be
traced to the erroneous neglect of the relativistic correc-
tion, i.e. the expression FR(1−δ)(1−ε), in the calculation
of the electronic factor Ei [29].

5 Discussion

We will first discuss briefly the single-particle properties
reflected in the spins and magnetic moments and then
elaborate on the collective deformation properties that are
observed independently in the quadrupole moments and
in the isotope shifts.

Direct atomic spectroscopy measurements of nuclear
spins were already reported by Ekström [5] for eleven
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Fig. 2. Spins I and magnetic moments µ. The parity assign-
ments correspond to the Nilsson model states used to repro-
duce the magnetic moments. The values assigned to the same
states are connected by thin lines

longer-lived isotopes. For seven additional nuclear states
investigated here, the spin assignments proposed from nu-
clear spectroscopy measurements are considered to be safe
[30]. With the present experiment we have thus added the
spins of another twelve nuclear ground states or isomers.
With the exception of 161Lu (I = 1/2) the (partly tenta-
tive) earlier spin assignments from nuclear spectroscopy
are confirmed. No previous nuclear spin information was
found in the literature for 164Lu (I = 1) and for the new
isomer 167mLu (I = 1/2). The half-life of this isomer can
be estimated to be about a minute or longer, because the
delay time of the ISOLDE tantalum target for rare-earth
elements is of this order, and the intensity of the I = 1/2
lines, compared to those of the I = 7/2 ground state, is
apparently not reduced by decay during diffusion out of
the target.

The magnetic dipole moments and the spins of Table
3 are shown in Fig. 2. Data points associated with the
same Nilsson orbitals are connected by solid lines. Pre-
dictions of the magnetic moments of the isotopes with
mass numbers A ≥ 165 were made by Ekström [5] on
the basis of pure Nilsson states with effective g-factors
gs = 0.6 gfree

s , glp = 1.00, gln = 0, gR = 0.4. We have ex-
tended these calculations to all isotopes investigated here.
For comparison, these theoretical values as well as the as-
sumed Nilsson configurations are included in Table 3. The
general fair agreement of the measured magnetic moments
with the model predictions demonstrates the appearance
of rather pure Nilsson states as expected for a region of
well-developed nuclear deformation.

The parities given in Table 3 correspond to this model
interpretation of the magnetic moments. With the excep-
tion of the lightest isotopes for which very little is known,
these agree with current parity assignments [30].

We will further discuss the nuclear structure informa-
tion that can be extracted from our results by using a
graphical summary of the radii and the quadrupole mo-
ments which are both related to collective deformation

Fig. 3. Changes in the mean square charge radii δ〈r2〉. The
calibration uncertainty is represented by the area between the
two enveloping lines. The theoretical prediction (FRDM) and
the isodeformation lines are based on the finite-range droplet
model [32]

properties. Fig. 3 shows the changes in mean square charge
radii δ〈r2〉 for the ground states as well as for the isomers
with respect to the reference isotope 170Lu. They can be
interpreted in the frame of the droplet model including
deformation [31]. This essentially means that two inde-
pendent trends are reflected by the mean square charge
radii plotted as a function of the neutron number: (i)
The increase with the nuclear volume (assuming constant
shape) is nearly linear and has about half the slope ex-
pected for identical proton and neutron distributions. In
other words, the proton and neutron radii develop differ-
ently. (ii) Deformed shapes give an increased mean square
radius compared to a spherical nucleus of the same vol-
ume. In the simplest parametrization of a liquid drop with
a sharp radius,

〈r2〉β = 〈r2〉0
(

1 +
5

4π
〈β2〉

)
, (11)

one can put the δ〈r2〉 curve on a grid of parallel isode-
formation lines. Apart from higher-order corrections the
deformed droplet model formula [31] has essentially the
structure of (11). Choosing the recent “finite range”
version of the droplet model [32], and assuming the
quadrupole deformation β2 = 0.31 for the stable 175Lu
(see below), we find a gradual increase of deformation
from β2 ≈ 0.2 for the light isotopes just above N = 90
to β2 ≈ 0.3 for the isotopes with N ≥ 97. The dashed
curve of Fig. 3 shows a theoretical prediction for the radii
obtained from the finite range droplet model including β2

and β4 values as calculated by Möller et al. [32]. Although
the values of β4 (reaching −0.1) are quite appreciable,
it turns out that for negative β4 their contribution is al-
most negligible, due to the cancellation of the higher-order
terms in the expression for the radii.

The representation of the radii given in Fig. 3 suggests
a development of deformation which is very well repro-
duced by the quadrupole deformation parameters β2 de-
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Fig. 4. Intrinsic quadrupole moments Q0 and quadrupole
deformation parameters β2 evaluated from the measured
quadrupole moments (for 168mLu see discussion). Deformations
corresponding to the experimental radii in the framework of
the droplet model (FRDM) description are shown for compar-
ison. Theoretical predictions are from different model calcula-
tions by Ekström [5], Möller et al. [32], Aboussir et al. [36] and
Nazarewicz et al. [33]

duced from the intrinsic quadrupole moments Q0. These
are shown in Fig. 4, calculated again using the droplet
model formulas [31]. The values of β2 that correspond
to the experimental changes in mean square charge radii
δ〈r2〉 within the droplet model description are represented
by the dotted curve. To be exact, the spherical droplet
model contribution was subtracted from the experimental
values of δ〈r2〉, and the remaining deformation contribu-
tion was corrected for theoretical values of β4, in order to
extract β2. Here again, the consideration of β4 has very
little influence on the results.

Pronounced deviations from the smooth δ〈r2〉 curve
towards larger radii are found for the isomers 169mLu
and 171mLu with I = 1/2 and 168mLu with I = 3. This
behaviour may be ascribed to an enhanced deformation
which is not observable in spectroscopic quadrupole mo-
ments for the I = 1/2 cases. The 1/2− states forming these
isomers are associated with a proton configuration arising
from the [541]1/2 intruder Nilsson orbital. An enhanced
deformation for this configuration from the h9/2 shell was
predicted by Nazarewicz et al. [33]. In the odd-odd case
of 168mLu the 1/2− proton couples with a neutron in the
[523]5/2 orbital to form the 3+ state. This assignment is
confirmed by the magnetic moment.

The intrinsic quadrupole moment of this 3+ state as
deduced from the spectroscopic quadrupole moment in the
strong-coupling limit (with K = I according to (5)) is sub-
stantially smaller than expected from the overall system-
atics (see Fig. 4). This can be related to a non-negligible
Coriolis mixing that occurs when the intruder π[541]1/2
orbital coming down from the h9/2 state couples with the
ν[523]5/2 orbital to both K = 2 and 3. The K = 2 admix-
ture will alter the projection factor of (5) thus leading to a
higher value for Qo. This interpretation is consistent with
the enhanced deformation increasing the radius for the

168mLu state as observed from the isomer shift. Recently,
a similar manifestation in the quadrupole moments of the
effect of strong Coriolis mixing due to the deformation-
driving π[541]1/2 orbital was reported for the Iπ = 5−
ground states of 184Ir and 186Ir [34].

All other isomer shifts – those of the neutron-deficient
166,167Lu and of the near-stable 174,176,177,178Lu – are
found to be very small. This is again consistent with the
nearly identical values of the intrinsic quadrupole mo-
ments which are available for both nuclear states in all
cases of I > 1/2. Considering the sensitivity of Q0 to β2

only and the sensitivity of δ〈r2〉 to all multipole orders of
deformation one concludes that the nuclear shape is very
similar for the high-spin and the low-spin states of the
same nucleus. This fact is particularly remarkable in the
case of 177Lu, where a long-lived isomer with I = 23/2
coexists with the I = 7/2 ground state. The high spin of
this isomer arises from the alignment of a neutron pair,
and the isomer shift is only −0.035(6) fm2, correspond-
ing to a change in deformation of less than 0.01. Adding
one proton to this state leads to 178Hf with the I = 16
isomer 178m2Hf which was recently investigated by Boos
et al. [35]. They found a similarly small isomer shift of
−0.059(9) fm2 for this case.

Although the individual spectroscopic quadrupole mo-
ments seem to scatter randomly, the intrinsic ones calcu-
lated using (4) lie on a smooth curve. Thus the informa-
tion about the quadrupole moments contained in Fig. 4
includes the validity of the strong-coupling scheme. The
negative sign of the spectroscopic quadrupole moment of
176mLu is due to a particular combination of the angular
momentum quantum numbers, namely K = 0 and I = 1,
leading to a negative projection factor and does not in-
dicate an oblate shape. For all nuclei except 168mLu and
176mLu the assumption K = I is valid.

Several theoretical predictions of the behaviour of de-
formation over the whole series of lutetium isotopes are
available. In Fig. 4 these theoretical values of β2 are com-
pared to the experimental values given by the intrinsic
quadrupole moments Q0. The dashed curve in this figure,
following essentially the measured values, shows the the-
oretical equilibrium deformations calculated by Ekström
using the Strutinsky shell-correction method on the ba-
sis of the Nilsson model [5]. The solid curve shows the
corresponding deformation values from a recent theoret-
ical approach based on the finite-range droplet model
(FRDM) [32]. A third approach [36], based on the ex-
tended Thomas-Fermi plus Strutinsky integral method
(ETFSI), is represented by the dashed-dotted line. While
the earliest prediction reproduces the experimental data
nearly quantitatively, the results of the recent calculations
either underestimate (FRDM) or overestimate (ETFSI)
generally the absolute values of β2. This may be explained
by the different scope of the theoretical approaches. The
FRDM and the ETFSI calculations aim at a coherent de-
scription of nuclear properties over the entire chart of nu-
clides, whereas the calculation by Ekström uses Nilsson
model parameters that are proven appropriate to describe
nuclei in the rare-earth region. The most detailed calcu-
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lation of the deformation properties of odd-Z rare-earth
nuclei [33], on the other hand, predicts a deformation max-
imum of only 0.26 for the 7/2+ proton state forming the
ground state of the even-N isotopes. However, for the as-
sumed Woods-Saxon potential the deformation of the re-
sulting charge distribution should be about 10 % larger
than the calculated deformation of the average field [33,
37]. This correction has been included in the values shown
in Fig. 4. Tracing the reasons for the remaining discrep-
ancy between the theoretical maximum of 0.28 and the
experimental one of 0.32 would require a more careful the-
oretical treatment of the real observables. Nevertheless, all
theoretical predictions show the proper general trends of
the experimental curve including a deformation increase
in the light isotopes up to neutron number N ≈ 100 and
a slight decrease towards the heaviest isotopes.

6 Conclusion

The present laser spectroscopy measurements on lutetium
(Z = 71) isotopes cover the range of neutron numbers
between N = 90 and 108 with 30 nuclear states of half-
lives above 1 minute. A most striking feature of the re-
sults is the remarkable consistency in the description of
different observables within the same model. The defor-
mation properties reflected in the mean square charge
radii can be directly identified with those extracted from
the quadrupole moments. This means that the strong-
coupling projection formula holds to a very good approx-
imation. Concerning the droplet-model decomposition of
the radii there is some arbitrariness in the choice of the pa-
rameters which essentially affects the slope of the volume
part 〈r2〉0. On the other hand, a similar uncertainty of the
order of 10 % is introduced into the slope of the experi-
mental δ〈r2〉 curve by the evaluation procedure. In fact,
the consistency of the interpretation goes beyond these
uncertainties. By adjusting the parameters of the spher-
ical droplet model to the deformation values of only two
isotopes one would reproduce the full curve without any
remaining freedom.

This gives confidence that our description of the de-
formation properties is quite realistic even in details. The
general trend corresponds to an increase from β2 ≈ 0.2 for
161Lu (N = 90) towards a maximum of β2 ≈ 0.32 around
174Lu (N = 103) followed by a slight decrease towards the
neutron-rich isotopes.

These observations as well as the spins and magnetic
moments of single-particle states fit very well to the the-
oretical expectations which are essentially based on the
shell correction calculations of equilibrium shapes and the
Nilsson orbitals occupied by the unpaired proton. We con-
clude that in regions of well developed deformation, un-
like in transitional regions close to magic neutron or pro-
ton numbers, the ground-state gross properties behave in
many details as expected from rather global models.
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